Pair Densitiesin a Two-dimensional Electron Gas (Jellium) at Strong
Coupling from Scattering Theory with Kukkonen-Overhauser Effective
I nteractions

F. Capurro, R. Asgédfti B. Davoud?, M. Polini, and M. P. Tosi

NEST-INFM and Classe di Scienze, Scuola Normale Superiore, 1-56126 Pisa, Italy
a Also at Institute for Studies in Theoretical Physics and Mathematics, Tehran 19395-5531, Iran

Reprint requests to Prof. M. P. T.; Fax: +39-050-563513; E-mail: tosim@sns.it
Z. Naturforsch57 a, 237-243 (2002); received March 8, 2002

We present a calculation of the spin-averaged and spin-resolved pair distribution functions for a
homogeneous gas of electrons moving in a plane fithinteractions at coupling strength= 10.
The calculation is based on the solution of a two-electron scattering problem for both parallel-
spin- and antiparallel-spin-pairs interacting effective spin-dependent many-body potentials.
The scattering potentials are modeled within the approach proposed by Kukkonen and Overhauser
to treat exchange and correlations under close constraints imposed by sum rules. We find very
good agreement with quantum MonteCarlo data for the spin-averaged pair density. We also find
that short-range pairing between parallel-spin electrons is beginning to emerge in the paramagnetic
fluid at this coupling strength, as a precursor of a transition to a fully spin-polarized fluid state
occurring at stronger coupling.
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Dielectric and Magnetic Response.

1. Introduction spins, leading to an exact cusp condition which re-
lates the logarithmic derivative @f | (r) andg(r) at

Electronic fluids with essentially two-dimensionakontact to the Bohr radius; [8]. The value ofg;(r)
(2D) dynamics in semiconductor quantum wellsanishes in the same limit as a consequence of the
present a very rich phenomenology, especially in theauli exclusion principle. Early calculationsgf (0)
low-electron-density regime corresponding to stronlgy many-body techniques exploited the dominant role
coupling [1]. Many of the electron-electron interacof the electron-electron ladder diagrams in determin-
tion effects can be understood with the help of the haag this quantity in both 3D jellium [9, 10] and 2D
mogeneous electron-gas (jellium) model [2]. A cenjellium [11, 12]. In a seminal work Overhauser [13]
tralrole in the theory is played by the electron-pair disdeveloped a wholly different approach to the eval-
tribution functiong(r) and by its spin-resolved com- uation of g;;(0) in 3D jellium, in which he tackled
ponentsg;(r) and g;; (r), which provide essential the scattering problem through the solution of an ef-
input in the construction of exchange and correlatiofective Schodinger equation for the relative motion
energy functionals for applications of density funcef the electronic pair. The approach of Overhauser
tional theory (DFT) [3]. A number of recent developswas later used to evaluage, (0) in 2D jellium [14]
ments in DFT [4 - 6] have also drawn attention to thend was extended by Gori-Giorgi and Perdew [15] to
utilization of the inhomogeneous electron-pair derealculateg(r) at finite » in 3D jellium by means of
sity, that is the diagonal part of the two-body reducedn accurate numerical solution of Overhauser’s two-
density matrix of the inhomogeneous electronic sysody Schodinger equation. This equation involves a
tem [7]. simple model for the scattering potential, which is

It is well known that the value of(r) in jellium built as the potential of an electron at the centre of a
is determined in the limit — 0 by the scattering Wigner-Seitz sphere of uniformly distributed positive
events between pairs of electrons with antiparalleharge.
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Comparisons with quantum MonteCarlo (QMC)
data show that the above extension of Overhauser’'s
approach for the evaluation of pair densities away
from contact in 3D jellium gives quite good results
in the short-range part of ¢(r), where two-body colli-
sionsmay still be expected to be most important [15].
Inafull calculation of pair densities by thisapproach,
however, onewould be trying to reduce a many-elec-
tron problem to atwo-el ectron scattering problemand
should therefore give careful attention to a proper in-
clusion of many-body effects into the scattering po-
tential entering the effective two-body Schrodinger
equation. In this perspective Davoudi et al. [16] have
adopted a self-consistent Hartree scheme for the de-
termination of the effective scattering potential, self-
consistency being allowed by thefact that the Hartree
potential generated by an “average” electron is deter-
mined by the density of electrons around the same
electron and thisis in turn described by g(r). It was
shown in the above study that such a self-consistent
Hartree approach yields a very good account of g(r)
in 3D jellium over the whole range of interelectron
distancesin arange of coupling strengthss extending
up to at least r¢ = 10. Rather surprisingly, the Hartree
approximation also gives a quite reasonable, though
not equally accurate, account of the spin-resolved pair
densities over the same range of coupling strengths.

It was also shown in the same study by Davoudi
et al. [16] that the Hartree approximation has more
restricted usefulness for the calculation of the pair
densitiesin 2D jellium. Indeed, while it givesin this
case a very good account of QMC data at rg = 1,
quantitative discrepancies between theoretical results
and the available QM C data become evident already
a r,=5. It isageneral fact that the role of exchange
and correlations becomes more important with de-
creasing dimensionality of the many-electron fluid,
and thisisdirectly evidenced in the QMC data by the
emergence of an incipient first-neighbour shell in 2D
jelliumat »,=5[17]. Thisfeatureisnot reproduced by
the Hartree approximation for the scattering potential
entering the two-body Schrodinger equation [16].

In the present work we examine whether the in-
clusion of exchange and correlation in the effective
two-body scattering problem may usefully allow one
totranscend theresultsyielded by the Hartree approx-
imation at strong coupling. We do so by recourse to
the electron-el ectron effective interactions derived by
Kukkonen and Overhauser [18] and focuson 2D jel-
lium in the strong-coupling regime corresponding to
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r¢ = 10, where QMC data by Rapisarda and Senatore
[19] allow aquantitativetest of our resultsfor g(r). We
also examine the behaviour of the spin-resolved pair
densities, in relation to the first-order transition from
the paramagnetic to the fully spin-polarized state that
has been reported to occur in 2D jellium at rg ~ 20
from QMC studies [20]. In our present formulation
the effective scattering potentials acquire a depen-
dence on the relative orientation of the spins of the
electron pair, but are not self-consistently dependent
on the spin-resolved pair densities.

The paper is organized as follows. Section 2 gives
the essential theoretical background, and Sect. 3 re-
ports and discusses our numerical results. A brief
summary concludes the paper in Section 4.

2. Essential Theory

We consider the 2D jellium model at average elec-
tron density » and define its coupling strength 7
through the relation 7 (rsag)? = 1/n. Let ¥¢% (1, R)
bethe solution of the two-electron scattering problem
in some spin-dependent effective potentia V. ().
Here,r =r; —rp and R = (ry +rp)/2 are the relative
and centre-of-mass coordinates of the electron pair,
while the conjugate momenta are k and K and the
spinindices of the pair are ¢ and ¢’. The distribution
functions g, (r) are to be obtained as

9o () = (X O RI),) . @

where ((---)¢)p(r) represents averages over the scat-
tering angle @ and over the probability p(k) of finding
two electrons with relative momentum % in the 2D
electron gas,

ke
(O) )y = ;T/O dkp(k)/d(?@. %)

Thefunction p(k) can be cal culated from the momen-
tum distribution n(k), the result being

16k k ko k2
— — = /1= = 3
wké [arccos(kF) e ké] , (3

when one uses the momentum distribution of the
ideal 2D Fermi gas with Fermi wave number kg =
V'2/(rsag) [21]. The charge-charge and spin-spin cor-
relationsin the paramagneticfluid aregiven by ¢(r) =

p(k) =
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[g11(r) + g11(")]/2 and ga(r) = [g11(r) — g11(")]/2,
respectively.

The pair wave functions can be written in the form
of angular-momentum expansions[15], leading to the
results

o<

me)=1 Y (o), @
=1 (odd)
and
9u0)= = (|20 o) ®

- (1) (,y]2
+2; (o) >p(k)] ,

where the wave functions @ (r) obey the Schro-

dinger equation
EZ d? 1 2 1_2

-t — _ = +1, (UU)

l 24 dr? 2,ur2(|‘ 4h) Voo (r)| iy " (r)
h k2 (o
> @( )( ). ©)

m
Here, u = m/2 is the reduced electron mass and

L =R% with¢ =0, +1, +2, ---.

Theform of (4) ensures that the relation ¢4, (0) =0
is satisfied, since al functions &{(r) vanish
at the origin for ¢ # 0. The cusp condition is
ding;,(r)/dr|,=0 = 2/ag in 2D and is satisfied
if V;,(r) tends to the bare Coulomb potential for
r - 0 [16]. It is dso easily seen that the Hartree-
Fock results for g;;(r) and g, (r) are recovered if
Voo (r) isset to zeroin (6) [15]. Finally, the normal-
ization of the wave functions and of the probability
function p(k) ensures the charge neutrality condition,
n [drfg(r) — 1] = -1. _

In the following we adopt for the scattering po-
tentials V. (1) the form obtained by Kukkonen and
Overhauser [18], which includes exchange and corre-
lations through a linear-response treatment of the po-
larization induced by an “average” electron of given
spin in the surrounding electron gas and tends to the
bare Coulomb potential ¢2/r for r — 0. In Fourier
transform their result is

1+ [1— G+(9)] G+(9)Q(a)
1+[1-G(9)] Q)
Ly G000
1-G (9Q()

o) = 0{ @
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where, by convention, the product oo’ equals +1 for
parallel spins and —1 for antiparallel spins. In (7)
v, = 2me?/q isthe Fourier transform of the Coulomb
potential, Q(g) = v, xo(g) withyo(g) thestatic density
response function of the ideal 2D Fermi gas as first
calculated by Stern[22], and G+ (¢) arethelocd field
factors accounting for exchange and correlations in
thedielectric and spinresponse of theelectron gas[2].
Asdiscussed further below, the local field factors are
available from QMC data [23 - 25] extending in 2D
up to r¢ = 10.

We conclude this section by recalling how exact
sum rules and limiting behaviours enter the scattering
potentials V... (¢) at both small and large momentum
transfers [2]. The latter behaviours are determined
by the values of ¢(0) and of the correlation kinetic
energy (see Appendix). The compressibility and spin
susceptibility sum rules, on the other hand, determine
thelimiting behavioursof thelocal field factorsat low
momenta according to the relations

. q
limG =A,—
im +(q) <% (8)
where
1 Ko
A= —(1-—
¥ \[27”5 ( K ) ©
and
1 XP)
A= 1—=17. 10
\/zrs ( Xs ( )

Here, x and ys are the compressibility and the spin
susceptibility of 2D jellium, with xo and yp being
the corresponding values for the ideal 2D Fermi gas.
Using aso theresult [22]

(11)

m
lim =—,
q_}oXo(Q) =

one easily finds

I|m Voo = Lﬁz [(2—“0) —

g—0 m

Notice that for sufficiently large values of xs/xp the
spin term in (12) leads to an effective attraction be-
tween parallel-spin electrons at low momenta and
to a corresponding effective repulsion between anti-
parallel-spin eectrons. This fact favours the forma-
tion of fluctuating domains of spin magnetization
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Fig. 1. Effective electron-ele-
ctron scattering potentials in
the two-dimensional electron
gas a rg = 10 (in units of
R%k2/m), as functions of rkg.
Full line: Vi1 (r); dashed line:
V1 (7). The dotted line shows
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in the paramagnetic electron fluid as its coupling
strength parameter is raised towards the transition to
afully spin-polarized state [26].

3. Numerical Results

The numerical solution of (6) requires asinput the
local field factors entering the scattering potentials
in (7). These are available in analytical form from
QMC datain 2D jellium up to », = 10 [27]. It turns
out that the solution of the scattering problemis quite
sensitiveto the detail s of thisinput, so that we thought
it advisableto simplify the form of thefit of the QMC
data at long wavelengths. The details of the new fit
and its results, that we have used in the calculations
reported immediately below, are presented in the Ap-
pendix.

Figures 1 and 2 report the scattering potentialsin
2D jellium at 4 = 10 as functions of the distance r
and in Fourier transform, respectively. The compar-
ison with the spin-independent potential obtained in
the Hartree approximation, which is given in Fig. 1,
shows that the inclusion of exchange and correla-
tion givesriseto oscillations extending quite far away

the result of the self-con-
sistent Hartree approximation,
from[16].

from the electron at the origin. In addition, the min-
imain thetwo scattering potentialsare well separated
from each other, with that for parallel-spin electrons
showing at this value of ¢ a marked minimum at
short distance in approximate correspondence with
the main minimum in the Hartree-model potential.
It can be seen from Fig. 2 that these features in r
space correspond in Fourier transform to a decrease
in the effective repulsion between parallel-spin elec-
trons over a wide region of scattering momenta ex-
tending up to 2k, while antiparallel-spin electrons
feel an enhanced repulsion in the same region of
momenta. As was discussed in [26], the emergence
of effective interactions favouring spin aignments
over domains on a scale of distance which is be-
coming of the order of (2kg) ! is signalling the ap-
proach of the paramagnetic fluid to atransition into a
spin-ordered phase having a space-independent order
parameter.

The above statement is demonstrated in the results
that we obtain for the “difference” spin distribution
function ga(r) = [g11(r) — g1, (r)]/2 & s = 10, which
are reported in Figure 3. This shows that gq4(r) is
dightly positive at short distance, corresponding to a
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Fig. 2. Effective electron-
electron scattering potentials
in the two-dimensiona elec-
tron gas at s = 10 (in units
of R?/m), as functions of
q/ke.Full line: V41 (¢); dashed
line: Vi, (q). The dotted line
shows the result of the self-
consistent Hartree approxima-
tion, from [16].

Fig. 3. The “difference” pair
distribution function gq(r) =
[g11(r)—g11(r)]/2inthetwo-
dimensional €electron gas at
rs = 10, asafunction of rkg.
Full line: from Kukkonen-
Overhauser scattering poten-
tials. The dotted line shows
the result of the self-con-
sistent Hartree approximation,
from [16].
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a(n)

Fig. 4. The spin-averaged pair
distribution function g(r) =
[g11(r) + g7, (r)]/2inthe two-
dimensional electron gas at
re =10, asafunction of rkg.
Full line: from Kukkonen-
Overhauser scattering poten-
tials. The dotted line shows
the result of the self-con-

rke

dlight tendency for parallel-spin electrons to be first
neighbours in the paramagnetic fluid. On the other
hand the Hartree approximation, the result of which
isalso shownin Fig. 3, ill gives negative values for
gd(r) in the same region of space, corresponding to
the preferred short-range pairing between antiparallel
spins which is characteristic of the fluid in the deep
paramagnetic phase. We should point out that, while
the present method to include exchange and correla-
tion thus appears to be qualitatively useful in regard
to the spin-resolved distribution functions, its results
are quite sensitive to the detailed shape of G'_(g),
and their quantitative validity cannot be tested against
QMC data.

Finally, Fig. 4 reports the spin-averaged pair dis-
tribution function ¢(r) in 2D jellium at r, = 10, in
comparison with the QM C data of Rapisardaand Sen-
atore [19] and with those obtained within the Hartree
approximation. It is evident that the present approach
yields a fully quantitative account of the QMC data,
and in particular reproduces the presence of a first-
neighbour shell at this value of the coupling strength
which is instead completely missed in the Hartree
approximation to the scattering potentials.

sistent Hartree approximation,
from [16]. The crosses are
from QMC resultsin [19].

4. Summary

In summary, we have shown that the inclusion of
exchange and correlation in the effective many-body
potentials governing the scattering between electron
pairs in the two-dimensional electron gas at strong
coupling provides a quantitative account of the data
on the spin-averaged pair distribution function. It also
yields apparently reasonableresultsfor the difference
in the distribution functions bertween parallel- and
antiparallel-spin electron pairs on the approach to
magnetic ordering in the electron fluid.

Regretfully, no data are as yet available at stronger
couplings closer to the magnetic ordering transition,
whichwould allow further quantitativetestsof thethe-
ory. At a coupling strength corresponding to ¢ = 5,
on the other hand, the available QM C data indicate
that the present determination of the scattering poten-
tials does not have a similar quantitative usefulness.
This is somewhat surprising, since in their deriva-
tion the Kukkonen-Overhauser potentials involve a
linear-response assumption. The inclusion of self-
consistency in the theory may therefore be expected
to be important.



F. Capurro et al. - Pair Densities in a Two-dimensional Electron Gas

Acknowledgements

This work was partially suported by MIUR under
the PRIN-2001 Programme.

Appendix. L ocal Field Factorsfrom QM C Dataon
the 2D Electron Gas

In this work we have redetermined the local field
factors from QMC data by the same procedure that
wehaveused in our previouswork [27], using Simpler
expressions for their functional form with the aim of
reducing the sensitivity of the results to small fluctu-
ationsin the input data. The form that we have taken
ar,=5andr,=10is

_ Acx+(By + Cra)(2/2)°

Gi(x) 1+ (ZL’/Z)B

(A1)

+ (aza’® +era®™)exp [ — (v —ex)?/ fu],
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